One contribution of 14 to a theme issue 'Modern theoretical chemistry' . The major aspects of the C 2 , C 3 and C 4 elemental carbon clusters are surveyed. For C 2 , a brief analysis of its current status is presented. Regarding C 3 , the most recent results obtained in our group are reviewed with emphasis on modelling its potential energy surface which is particularly complicated due to the presence of multiple conical intersections. As for C 4 , the most stable isomeric forms of both triplet and singlet spin states and their possible interconversion pathways are examined afresh by means of accurate ab initio calculations. The main strategies for modelling the ground triplet C 4 potential are also discussed. Starting from a truncated cluster expansion and a previously reported DMBE form for C 3 , an approximate fourbody term is calibrated from the ab initio energies. The final six-dimensional global DMBE form so obtained reproduces all known topographical aspects while providing an accurate description of the C 4 linear-rhombic isomerization pathway. It is therefore commended for both spectroscopic and reaction dynamics studies.
Introduction and historical remarks
The study of pure carbon chains has fascinated chemists and physicists over the years [1, 2] . They were first identified more than a century ago [3] in astrophysical objects but still are a topic of increasing interest. Small C n clusters play a major role in the chemistry of carbon stars [4, 5] , comets [3, 6] and interstellar molecular clouds [7, 8] , while acting as building blocks for formation of complex carbon-containing compounds [9, 10] . Besides such an astrophysical significance, C n chains can be chief intermediates in chemical vapour deposition systems for production of carbon-rich thin films [11] , and be predominant species in terrestrial sooting flames [1, 2] . Their fascinating physicochemical properties find justification on the exceptional bonding flexibility of carbon as demonstrated by its unique ability to form single, double and triple (even quadruple were suggested for C 2 (X 1 Σ + g ) [12] [13] [14] [15] [16] [17] [18] [19] ) bonds. The richness of the carbon chemistry is clearly evinced by the structural diversity of carbon allotropes, which include [20] diamond, graphite, fullerenes [21] , nanotubes [22] , graphenes [23] and other elusive periodic scaffolds [24] , all with outstanding electronic, material or biological properties. Elucidation of possible mechanisms for formation of such aggregates (i.e. their evolution from linear to monocyclic/polycyclic rings to fullerene/cage-like structures) is only attainable once the properties of their precursors (smallest clusters) have been clarified [25] [26] [27] [28] [29] .
Small C n clusters are highly reactive species which makes their experimental characterization cumbersome [1, 2] . On the other hand, the existence of several (nearly isoenergetic) isomers, a high density of low-lying singlet/triplet electronic states and a significant multi-reference (MR) character, makes their study theoretically challenging [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] ; see glossary at the end of the paper. Clearly, a detailed knowledge of the structure and energetics of such species requires a faithful interplay between state-of-the-art experimental techniques and high-level ab initio calculations.
Most of the our knowledge on the title molecules began with the seminal work of Pitzer & Clementi [40] . They first recognized that linear C n molecules are low-energy isomeric forms with odd-and even-numbered chains (for n > 2) attaining 1 Σ + g and 3 Σ − g ground electronic states, respectively. Typically, for such systems, cumulenic structures (C=C−C=C) are lower in energy than acetylenic (C ≡ C−C · · · C−C) bonding configurations [1, 2, 40, 41] . More recently, supported by ab initio calculations, low-lying monocyclic isomers have also been conjectured as being isoenergetic or even more stable than linear arrangements [25] [26] [27] [28] [29] 39] . In this work, we survey the current status on the smallest clusters (C 2 , C 3 and C 4 ) but keep the focal point on the trimer and tetramer. For C 3 , we review our recent work in §3, while in §4a high-level ab initio calculations are reported anew for C 4 . A global 6D potential energy surface (PES) of ground-state triplet C 4 is also provided for the first time in §4b.
(a) The carbon dimer: the best studied carbon cluster
The most abundant molecules in carbon vapour produced by laser vapourization of graphite are C 2 and C 3 [42] [43] [44] , with the former being widely quoted as important stacking subunits during formation (growth) of medium-sized to large fullerenes [45] . Their spectroscopy has been extensively studied over the years, making them by far the best characterized carbon clusters [1, 2] .
As first observed by Wollaston [46] and Swan [47] , C 2 is responsible for the blue glow emanating from hydrocarbon flames. These well-known d 3 Π g -a 3 Π u Swan bands (the spectroscopic notation employed throughout is the updated one [48] ) at 19380.1 cm −1 have long been recognized in cometary spectra [49] . Despite previous knowledge of the Phillips (A 1 Π u -X 1 Σ + g ) and Mulliken (D 1 Σ + u -X 1 Σ + g ) bands involving singlet states [50] , the prominence of the Swan emission/absorption features in the laboratory and astrophysical sources led to consider a 3 Π u as the ground state of C 2 . This changed with Ballik & Ramsay [50] during investigations of the b 3 Σ − g -a 3 Π u system (so-called Ballik-Ramsay band). They observed perturbations in the rotational levels of the 3 Σ − g state which were attributed to the presence of a neighbouring singlet state. From the analysis of the spectral lines, the authors first confirmed that 1 Σ + g is the ground state of the carbon dimer. In fact, it lies only 603.8 cm −1 below the a 3 Π u state [48] . Later on, several other singlet, triplet, quintet and intercombination band systems of the carbon dimer have been reported in the literature [1, 2, 48, 51] . At present, C 2 has a total of 23 identified band systems, covering the spectral range 0-55000 cm −1 , and 21 spectroscopically characterized electronic states; see [1, 2, 48, 51] for a review. Guided by this well-known and rich rovibronic line list, the identification C 2 was made possible in a plethora of astrophysical sources, including carbon stars, comets, interstellar medium and the sun [1, 2, 48] . Such a wealth of spectroscopic information has been recently used [48] to obtain highly accurate partition functions and thermodynamic data of C 2 up to 4000 K. The first theoretical work on carbon dimer dates back to 1939 by Mulliken [52] . Using known experimental information on C 2 , molecular orbital arguments and an empirical formula for estimating internuclear distances (R 0 ), he predicted mean relative energies and R 0 values for various low-lying states. Besides assigning the observed band system at 43239.8 cm −1 due to 1 Σ + u -1 Σ + g transition (now known under his name), Mulliken commented on the possibility that 1 Σ + g could be the 'normal state' of the carbon dimer. Apart from the pioneering semiempirical work of Araki & Watari [53] , the first VB calculations on C 2 were performed by Clementi & Pitzer [54] . The authors expanded the wave functions of the six lowest states arising from 2σ 2 g 2σ 2 u 1π 4 u ( 1 Σ + g ), 2σ 2 g 2σ 2 u 1π 3 u 3σ 1 g ( 3 Π u , 1 Π u ) and 2σ 2 g 2σ 2 u 1π 2 u 3σ 2 g ( 3 Σ − g , 1 g , 1 Σ + g ) valence configurations in terms of covalent, ionic and double-ionic components whose contributions have been variationally determined. Although the results agreed reasonably with the experimental data at that time (the 3 Π u curve turned out to be lowest in energy), the authors recognized the need of a more refined theory to fully understand the inherent complexities of the system. Read and Vanderslice were the first to report PECs of C 2 using the RKR method [55] . Based on the findings of Ballik & Ramsay [50] concerning the true ground state of the system, the authors also tentatively calculated dissociation energies for the nine upper-lying electronic states [55] . To our knowledge, the first purely ab initio calculations performed on the dimer are due to Fraga & Ransil [56] , Fougere & Nesbet [57] and Kirby & Liu [58] using CI wave functions with Slater-type orbitals. In the most complete work in these series, Kirby and Liu reported PECs for 62 valence states of C 2 , including 28 singlets, 28 triplets and 6 quintets that correlate with carbon atoms in their 3 P, 1 D and 1 S states [58] , respectively. Such calculations rendered the identification of 19 possible bound states not yet observed experimentally at that time together with the determination of their spectroscopic constants. In turn, Watts & Bartlett [59] performed CCSD(T) calculations with several Dunning's correlation-consistent basis sets [60, 61] . The discrepancies found in the prediction of the 1 Σ + g / 3 Π u energy splittings have been attributed to the strong MR character of the ground state. Such an aspect has previously been emphasized by Bauschlicher & Langhoff [62] by means of CASSCF and MRCI calculations.
Since then, C 2 has been the subject of extensive ab initio MRCI [30] [31] [32] [63] [64] [65] [66] [67] [68] [69] [70] [71] , full CI [72, 73] , quantum Monte Carlo [74] and explicitly correlated MR [75] calculations aiming at obtaining accurate analytic representations of the various PECs (and their avoided crossings [30] [31] [32] ), electronic excitation energies, dissociation energies and expectroscopic parameters. Note that these latter approaches frequently rely on extrapolations to the one-and/or N -electron basis sets, core and core-valence correlation contributions, and also relativistic corrections. As argued several times [72] [73] [74] [75] , the presence of various low-lying excited electronic states and its unusual bonding behaviour makes C 2 a notoriously challenging benchmark test for quantum chemical methods. Recently, with the aid of high-level MR calculations and state-of-the-art experimental techniques, Krechkivska et al. reported the existence of novel 4 3 Π g -a 3 Π u [69] and 3 3 Π g -a 3 Π u [71] systems (referred to as Krechkivska-Schmidt bands) and provided an accurate value for the carbon dimer ionization energy [70] . C 2 (X 1 Σ + g ) is one of the most strongly bonded diatomic molecule in nature [14, 18, 19] . Besides being the simplest possible carbon cluster, its bonding has eluded chemists over the years and continues to render extensive debate [12] [13] [14] [15] [16] [17] [18] [19] . The simple assumption of a 2σ 2 g 2σ 2 u 1π 4 u valence configuration and molecular orbital arguments would suggest a bond order of two [52] (C=C), while qualitative VB considerations (e.g. assuming two sp-hybridized carbons) yield a triply bonded species, C ≡ C [12] . Recently, using high-level VB calculations, Shaik and co-workers [13, 14, 18, 19] proposed the existence of a fourth σ -bond on ground-state C 2 (first contemplated by Mulliken [52] and Schleyer et al. [76] for excited states). It arises from the interactions between the 'residual' singlet odd pair, pointing outwards on the sp hybrids, i.e. C ≡ C. This additional 'inverted' bond would contribute ≈70-90 kJ mol −1 to the overall interaction. This has been disputed [15] [16] [17] [18] , with no consensus yet reached about the C 2 bonding nature. 
(b) The carbon trimer
The smallest cluster capable of forming cyclic structures is C 3 . Its well-knownÃ 1 Π u -X 1 Σ + g emission spectrum was first recorded by Huggins in 1881, while investigating unknown cometary emission features near 24675.6 cm −1 [3] . These so-called Swings emission bands [1] were first reproduced in the laboratory by Herzberg [77] . Although the emitter was initially thought to be CH 2 [77] , the unambiguous assignment to linear C 3 is due to Douglas [78] and Gausset et al. [79, 80] , who performed spectroscopic investigations on discharges through 13 C-substituted methane and flash photolysis of diazomethane, respectively. From the high-resolution spectra, Gausset et al. first emphasized the unusual low bending frequency of l-C 3 (X 1 Σ + g ) with ν 2 ≈ 63 cm −1 as well as the strong RT vibronic interactions of the excited l-C 3 (Ã 1 Π u ). Such features are responsible for the observed intricate vibrational spectrum [79, 80] . Several gas-phase and matrix studies of C 3 have subsequently been devoted to its spectroscopic characterization, resulting in the assignment of the most ground and upper state vibrational frequencies of theÃ 1 Π u -X 1 Σ + g band [81] [82] [83] [84] [85] and the discovery of a low-lying triplet electronic state manifold [86] [87] [88] . In fact, the carbon trimer is perhaps one of the best characterized non-rigid triatomics in existence [2, 89] . C 3 has been observed in a wide range of astrophysical sources [90, 91] , including circumstellar shells of carbon stars [4, 92, 93] , interstellar molecular clouds [7, [94] [95] [96] and comets [3, 92] . Its mid-IR spectrum (ν 3 antisymmetric stretching mode) was measured in the circumstellar envelope of the C-rich star IRC+10216 by Hinkle et al. [4] , and the far-IR one (ν 2 ) detected in the direction of Sgr B2 by Cernicharo et al. [92] . The abundance of C 3 were determined in translucent clouds by Maier et al. [95] , Roueff et al. [96] and Oka et al. [90] through its Swings' electronic transition. As the most abundant small pure carbon molecule in the interstellar medium, C 3 along with C 2 are key to the formation of more complex carbon clusters, long-chain cyanopolyynes, carbon dust and polycyclic aromatic hydrocarbons [1, 2] . In addition to its astrophysical importance, it is the predominant carbon cluster in equilibrium hot carbon vapour [2, 42, 44] , hydrocarbon flames [1, 2] and plasmas generated through energetic processing of carbon-containing materials [2, 97, 98] .
The relevance of C 3 in space as well as in terrestrial sooting flames and combustion processes has motivated many theoretical [34] [35] [36] 40, [99] [100] [101] [102] [103] [104] [105] [106] [107] [108] [109] [110] [111] [112] [113] [114] [115] [116] [117] studies both in the ground and low-lying excited singlet and triplet electronic manifolds [33, 114, 118] . In particular, much effort has been devoted to obtain local (near-equilibrium) ground-state PESs [119] with a view to explore its quasi-linearity and unusual large-amplitude bending motions.
Early ab initio SCF studies due to Clementi and co-workers [40, 99, 100] agree on an electronic structure of the form C=C=C with C 3 assumed linear. Hoffmann [101] reported extended Hückel calculations and predicted it to be nonlinear with an equilibrium CCC bond angle of ≈160 • and a barrier to linearity of only ≈63 cm −1 . Motivated by the discrepancies found in the calculated and experimental entropy values of C 3 as well as the proposition by Gausset and co-workers that the molecule could be quasi-linear, Liskow et al. [102] have subsequently performed SCF and CI studies. They highlighted for the first time the unusual bending potential of C 3 as well as the importance of adding d functions to the basis set. In turn, Perić-Radić and co-workers [103] used MRCI calculations and a double-ζ -plus-polarization basis set to report curves for the symmetric, bending and antisymmetric stretching of the ground and first excited 1,3 Π u trimeric states. The strong RT vibronic interactions to which the Π u states are subjected was pointed out for the first time [103] . To the best of our knowledge, the first global PES for the ground state of C 3 (1 1 A ) has been reported by Carter et al. [105] . The authors employed the MBE [105, 119, 120] formalism jointly with the experimentally determined force field of Gausset et al. and 40 ab initio energies [102, 104] to obtain an analytic form that exactly reproduces an early experimental heat of formation, geometry and force constants of l-C 3 (X 1 Σ + g ). Additionally, other relevant topographical attributes such as the C 2v transition states for isomerization between the three equivalent symmetry-related minima are described, as well as an accurate characterization of the adiabatic atom+diatom asymptotic limits, C 2 (a 3 Π u ) + C( 3 P) [105] [106] [107] 119] .
Following a previous observation due to Liskow et MP4SDQ/6-31G*//HF/6-31G* to understand the JT nature of the PES. They noted for the first time that both C 2v transition state and linear minimum arise from JT distortions of the D 3h structure; the corresponding isomerization barrier was predicted to be about 125.1 kJ mol −1 .
Additionally, they have pointed out that a triplet 3 A 2 term arises from the e 2 valence configuration, with its minimum occurring at equilateral triangular geometries. Kraemer et al. [108] using CISD(Q) and a triple-ζ -plus-polarization basis set reported a local PES which has been expressed as a force field expansion. Its minimum shows the C 3 radical as a bent species with an equilibrium bond angle of approximately 162 • and a barrier to linearity of 21 cm −1 . The results suggested C 3 to be quasi-linear. Such a finding was reinforced by Jensen [109] , who used the MORBID Hamiltonian [122] along with experimentally determined bendstretch term values to obtain an analytic PES for the ground electronic state of C 3 [109] . These earlier PESs were soon superseded by ab initio ones from CASSCF calculations [110, 111] which suggested C 3 to be non-quasi-linear but possessing an exceptionally flat bending potential.
Mladenović et al. [113] published an extensive theoretical study of C 3 based on SR CCSD(T) calculations and a basis set of near AVQZ quality. An analytical local PES has also been calibrated from a total of 108 ab initio energies up to about 3000 cm −1 above the equilibrium geometry by least-squares fitting a Taylor-series-type expansion. With an RMSD of around 2 cm −1 , such a form reproduces the rovibrational spectrum of C 3 within 8 cm −1 up to the specified energy range.
Ahmed et al. [34] and Saha & Western [114] employed MRCI(Q) calculations with the VTZ basis set to model local near-equilibrium PESs for both the ground and excitedÃ 1 Π u andD 1 g electronic states of the C 3 trimer, with the fitted parameters subsequently altered to mimic the experimental data. From these studies, important features were highlighted such as strong RT vibronic interactions for the Π and excited states as well as the presence of a symmetry-required Ci between the ground and first excited singlet states of C 3 at D 3h geometries. Suffice to add that a total of 384 ab initio energies up to 8000 cm −1 above the equilibrium geometry has been employed to fit the ABW Taylor-series expansion for the ground state, which shows an RMSD of 13.2 cm −1 . As noted by the authors, their fit covers a range of ≈8713 cm −1 above the ZPE and mimics 100 rovibrational levels within 3 cm −1 . Note that the purely ab initio PES shows an RMSD of about 61.6 cm −1 for the same levels.
Schröder & Sebald [115] reported a local PES for C 3 employing a quantum mechanical composite approach. Their form was obtained from fc-CCSD(T*)-F12b/AV5Z calculations, with the raw ab initio energies corrected additively such as to approximate higher-order correlations, core-core/core-valence effects and also scalar relativistic contributions. All calculated points were then fitted by a polynomial form with a standard deviation of 0.05 cm −1 [115] . From it, low-lying rotation-vibration energies for J ≤ 30 and a few vibrational term energies up to ≈3500 cm −1 above the ZPE have been reported, and shown to agree within 1 cm −1 with the observed values.
In [35] , we have reported the first purely ab initio-based global PES for C 3 (1 1 A ) (known as DMBE I). A total of 629 ab initio energies at the MRCI/AVTZ level of theory have been employed to calibrate a DMBE [123] [124] [125] form. To account for the incompleteness of the basis set and truncation of the MRCI expansion, all calculated external correlation energies have been scaled prior to calibration via the DMBE-SEC method [126] , and fitted with an RMSD of 4.1 kJ mol −1 [35] . In this study, we outlined for the first time the existence of three symmetry-equivalent C 2v crossing seams in close proximity to the symmetry-required D 3h Ci. Because a third electronic state of 1 A symmetry (1 1 A 1 in D 3h ) comes quite close in energy to the pair of intersecting states (1 1 E in D 3h ) near D 3h arrangements [36] , such unusual topographical attributes have been ascribed to combined JT+PJT vibronic effects [(E + A 1 ) ⊗ e ] with the proper cusped behaviour modelled accordingly [127, 128] . Exploratory rovibrational energy calculations have also been performed, and the DMBE I form shown to reproduce the vibrational energy spectrum of C 3 with an RMSD of 50.4 cm −1 for 53 calculated levels up to about 3000 cm −1 above the ZPE [35] . The combined JT+PJT problem in C 3 has been further exploited by us [36] with intriguing results. We will come to it later on §3, where other recent results from our group are also discussed for C 3 . 
(c) The carbon tetramer
The existence of two low-lying isomeric structures of C 4 is widely accepted: the cumulenic linear chain [l-C 4 ( 3 Σ − g )] and the bicyclic rhombic [r-C 4 ( 1 A g )] structures [37, 38, [129] [130] [131] [132] [133] [134] [135] [136] [137] [138] [139] [140] [141] . Along with C 2 and C 3 , the title species is probably an important molecule in astrophysics and an abundant one in carbon-rich stars as well as interstellar molecular clouds [8, 9] . Cernicharo et al. [8] reported a pattern of bands at 173.9 cm −1 observed in Sgr B2, IRC+10216, CRL 618, CRL 2688 and NGC 7027 which was tentatively assigned to the ν 5 cis-bending mode of l-C 4 ( 3 Σ − g ). Motivated by the observation of C 3 in interstellar clouds [95] , Maier et al. [142] were the first to attempt the detection of l-C 4 ( 3 Σ − g ) in the ζ Ophiuchi star by measuring the origin bands of its well-known electronic transitions 3 Σ − u -3 Σ − g at 26384.9 cm −1 [143] . Unfortunately, as stated by the authors [142] , such a detection has not been pursued. Triplet C 4 has been first observed experimentally by Weltner et al. [144] and Graham et al. [145] using IR and electron spin resonance spectroscopy of graphite vapour trapped in inert-gas matrices. Heath & Saykally [146] first characterized such a species in gas phase through its antisymmetric CC stretching fundamental (ν 3 ) at 1548.9 cm −1 by means of tunable IR diode laser spectroscopy. Subsequently, Moazzen-Ahmadi et al. [147] revisited the rotational constant for the ν 3 mode. From this parameter and the associated averaged C=C bond length (≈ 2.458a 0 ) [147] , triplet C 4 was confirmed to be linear with a cumulenic structure [2, 147] . A wealth of other experimental efforts have been done to characterize the title species [2, 8, 140, 148, 149] . As noted by Senent et al. [140] , relatively large errors affect other modes besides the ν 3 fundamental, which makes a definitive assignment of l-C 4 in interstellar bands a rather difficult task. Apart from the linear isomer, experimental evidence for r-C 4 ( 1 A g ) was reported with the Coulomb explosion imaging technique [150] [151] [152] . Kella et al. [152] observed three distinct photodetachment wavelengths, and conjectured the existence of a third 3D isomer which has been attributed to a tetrahedral structure. However, this has not been supported by any other experimental or theoretical evidence [38, 140] . More recently, Blanksby et al. [138] performed mass spectrometric studies on isotopically labelled C − 4 . Upon neutralization of the incident anions and based on the peak abundances of the spectra so obtained, they reported evidence of isotopic scrambling of both singlet ( 1 Σ + g ) and triplet ( 3 Σ − g ) neutral l-C 4 due to formation of the corresponding rhombic isomers [138] . C 4 has also been the subject of many theoretical studies [37, 38, 40, 41, [129] [130] [131] [132] [133] [134] [135] [136] [137] [138] [139] [140] [141] , starting with the pioneering ab initio SCF calculations of Clementi [41] . To our knowledge and apart from semi-empirical MINDO/2 studies of Slanina & Zahradnik [153] , the first correlated ab initio calculations of the relative energies of l-C 4 ( 3 Σ − g ) and r-C 4 ( 1 A g ) are due to Whiteside et al. [129] at the MP4SDQ/6-31G*//HF/6-31G* level of theory. They have predicted the singlet rhombic structure to be 2.9 kJ mol −1 more stable than the linear chain, and hence the ground state of C 4 . The same authors further highlighted the existence of a C 2v planar isomeric form (a capped triangle) on the singlet PES which was found to lie approximately 123.4 kJ mol −1 above the r-C 4 ( 1 A g ) [129] . Subsequent ab initio studies by Magers et al. [130] , Bernholdt et al. [133] , Martin et al. [136] and Watts et al. [137] employing the CC method, as well as CI calculations by Ritchie et al. [131] and Pacchioni & Koutecký [132] , have indicated the two isomers to be essentially isoenergetic, with the linear-rhombic energy difference being extremely sensitive to the basis set and correlation treatment [136, 137] . In turn, Parasuk & Almöf [37] [154] who conjectured the existence of triplet C 4 as a bent structure, Parasuk & Almöf [37] investigated the PES of l-C 4 ( 3 Σ − g ) along the cis (ν 5 )-and trans (ν 4 )-bending modes whose frequencies have been estimated to be 211.0 and 428.0 cm −1 in the same order. In contrast to the floppy nature of C 3 [35, 116, 117] , the authors were the first to point out the stiffness of the bending potential of C 4 , thence refuting any evidence for a bent structure in the gas phase [37] . In an attempt to assign some of the unknown transitions in the IR spectrum of carbon clusters trapped in Ar matrices [144] , Martin et al. [135, 136, 155] suggested that the observed band at 1284 cm −1 was due to the ν 6 mode of r-C 4 ( 1 A g ). Subsequently, the authors [155] computed a QFF for such a species using 116 CCSD(T) energies with a VTZ basis [60, 61] . Their best ν 6 estimate (including the strong Fermi resonance with the ν 3 + ν 5 combination band) was 1320 ± 10 cm −1 , thence casting doubts on Martin's earlier statement [135, 136, 155] . As noted by the authors themselves [155] , the correct assignment would then imply an unusual large matrix red shift in argon. Recently, Massó et al. [38] performed MRCI(Q)/VTZ calculations on C 4 keeping all configurations with coefficients larger than 0.03 in the CAS (8, 12) wave function as the reference set. The results so obtained have shown l-C 4 ( 3 Σ − g ) to be favoured by about 100.7 kJ mol −1 over r-C 4 ( 1 A g ), thus supporting the general trend that the linear triplet structure is the most stable form in MRCI calculations [37, 38, 132] . Besides various structural parameters of both singlet and triplet PESs, the authors evaluated isomerization pathways between such forms and reported other low-lying excited singlet, triplet and quintet electronic states [38] . To determine new spectroscopic parameters for C 4 and attempt a definitive assignment of the astrophysical band observed by Cernicharo et al. [8] , Senent et al. [140] reported local PESs for both l-C 4 ( 3 Σ − g ) and r-C 4 ( 1 A g ) isomers using about 1050 non-redundant energies calculated at the MRCI(Q)/VTZ level [38] . The ab initio data so obtained have then been least squares fitted to a Taylor series expansion with an RMSD of 43 cm −1 , with spectroscopic parameters determined by standard vibrational perturbation theory (VPT2) [140] . Most recently, Wang et al. [141] reported a new QFF PES for r-C 4 ( 1 A g ) by fitting 255 CCSD(T)/CV5Z energies. A local PES covering a wider range of geometries has also been obtained using 2914 grid points at the CCSD(T)-F12b/AVTZ level of theory, and updated sets of spectroscopic parameters reported for the rhombic isomer using VPT2 and vibrational configuration interaction calculations [141] .
Despite the immense theoretical work done on C 4 [37, 38, 40, 41, [129] [130] [131] [132] [133] [134] [135] [136] [137] [138] [139] [140] [141] 143] , it is clear from such studies that only some very limited portions of the PES are well understood, namely regions close to the l-C 4 ( 3 Σ − g ) and r-C 4 ( 1 A g ) minima. While knowledge of structural and spectroscopic parameters as well as the energetics are key for the identification of C 4 (especially r-C 4 ( 1 A g )) in experimental analysis and astrophysical sources, many other important issues remain to be assessed. Of particular relevance is the determination of other stable (or even transient) isomeric forms and their interconversion pathways, which provide valuable information for understanding reactive collision processes and formation of C n clusters in the interstellar medium [9] . In view of the above, we report new results on C 4 in §4. By exploring the isomerization pathway between linear and rhombic structures on both singlet and triplet PESs, other isomers are unravelled, some reported for the first time. Based on such results and the DMBE, an approximate four-body term is calibrated using accurate ab initio data, and hence also a global 6D form for triplet C 4 .
Further on carbon trimer
(a) Electronic structure Figure 1 shows the optimized bending potential for ground-and low-lying excited singlet states of C 3 at the MRCI/AVTZ//CASSCF/AVTZ level of theory [35] . Note that, for acute CCC angles (less than 30 • ), the optimization process leads naturally to the asymptotic channels, as the optimum bond length corresponds to widely separated atom+diatom fragments. As first pointed out by Murrell and co-workers [105] [106] [107] 119] , the ground state of C 3 does not dissociate adiabatically to ground-state fragments [C 2 (X 1 Σ + g ) + C( 3 P)], inasmuch as either C 2 or C must be on an excited state to satisfy the spin-spatial Wigner-Witmer correlation rules [156, 157] 1 u states are close in energy, with the former predicted from our ab initio calculations to be ≈1.2 kJ mol −1 more stable than the latter. As indicated by Ahmed et al. [34] and Saha & Western [114] , such energetic proximity (near degeneracy) is expected to be of the same order of magnitude as the accuracy of the ab initio calculations themselves, and therefore a proper examination of their relative stability requires a higher level of theory. Recall [34, 79, 80, 114] that the ground-state bending potential is exceptionally flat, and hence large-amplitude bending vibrations are expected: only 25.8 kJ mol −1 are required to bend C 3 up to CCC = 90 • .
A region that deserves attention refers to near equilateral triangular geometries ( CCC = 60 • ). As we have first noted [35, 36] , the C 3 PES shows there intriguing topographical attributes (highlighted in figure 1 by the shaded square): rather than a single symmetry-dictated Ci, a strong mixing of two 1 A 1 states occurs which pushes down the lowest to cross twice the 1 B 2 state. As similar cross sections of figure 1 exist for rotations by ±120 • , such a combined JT+PJT [(E + A 1 ) ⊗ e ] effect creates four Cis in the ground-state PES (see §3b). Note that distortions of the D 3h structure maintaining C 2v symmetry with bend angles less than 60 • lead to stabilization of the lower sheet and formation of a saddle point ( figure 1 ). This represents the transition state (TS iso ) for isomerization between the three equivalent D ∞h minima in the ground-state PES. Conversely, C 2v distortions with angles greater than 60 • lead ultimately to the absolute D ∞h minima of C 3 .
(b) The Jahn-Teller plus pseudo-Jahn-Teller problem As shown in figure 1 and noted elsewhere [34] [35] [36] 121] All of them correlate with the A irrep in C s symmetry. Similarly, higher excited states can be obtained from the HOMO − 1 → HOMO, HOMO → LUMO, and HOMO − 2 → HOMO excitations, but they are not considered here. At FVCAS/AVTZ, the leading (spin-spatial symmetry adapted) CSFs for each electronic term of equation (2.1) are then given by [36] 
|a |b |g |d | A close inspection of figures 1 and 4 gives an insight into the real nature of the vibronic problem. Clearly, instead of a typical linear E ⊗ e JT problem [158] in which only linear JT vibronic coupling constants are taken into account, the non-negligible contribution of the quadratic coupling constants is key for the title system (linear plus quadratic JT problem [158, 159] ). Additionally, an interaction occurs due to strong vibronic mixing between the close a Data retrieved from [36] .
lying 1 E and 1 A 1 states [158, 160] . Such a JT+PJT [(E + A 1 ) ⊗ e ] vibronic problem introduces profound changes on the topology of the PESs near equilateral triangular geometries. Indeed, as we have first shown [36] for both the ground (1 1 A ) and first excited (2 1 A ) singlet states of the C 3 radical, besides the D 3h symmetry-required crossing seam there are three symmetry-equivalent C 2v seams in close proximity to the former central Ci. A cross-sectional cut of such a region is shown in figure 5 at the MRCI/AVTZ level of theory [36] . Note that Q = (Q 1 , Q 2 , Q 3 ) defines the standard (symmetry-adapted) JT coordinates in terms of the internuclear distances by [119, 125 ]
where Q 1 is the totally symmetric representation a 1 (a 1 ) or breathing mode, and (Q 2 , Q 3 ) is the pair of e(b 2 , a 1 ) JT-active vibrations associated with the asymmetric stretch and bending normal modes, respectively. As noted above, cross sections similar to figure 5 exist for rotations by ±120 • ,
Thus, for the circle of radius ρ 0 , the four Cis are defined by Q b (Q 1 ) = (0, 0), and
⊗ e ] vibronic problem, we write the electronic Hamiltonian (H e ) as a Taylor series expansion in the nuclear displacements from the highsymmetry D 3h configuration [158, 160] H e (r, Q) = H The starting point consists therefore of solving the electronic Schrödinger equation with the nuclei fixed at the origin
∂V ∂QΓγ
where
} is the orthonormal set of eigenvectors (the eigenvalues are {E k (0)}) used here to approximate the electronic function space with the nuclei clamped at Q 0 . The corresponding matrix representation of the electronic Hamiltonian H e (equation (2.7)) in such a basis assumes the form [36, 162 ]
are harmonic potentials for the 1 E and 1 A 1 electronic states centred at Q 0 , with force constants K E and K A 1 , respectively. In turn, F E and G E are linear and quadratic JT vibronic coupling constants, respectively, and H E /A 1 is the associated linear PJT parameter [36, 162] . Correspondingly, denotes the energy gap (at the origin) between the vibronically mixed 1 E and 1 A 1 terms. Note that the vibronic coupling constants of equation (2.9) can be obtained from group-theoretic considerations [158, 161] ; see appendix A. They were all determined from a fit to ab initio MRCI/AVTZ energies, with the numerical values and definition given in table 2. As seen, the linear JT vibronic constant (F E ) is small: about 1 and 2 orders of magnitude smaller than H E /A 1 and G E , respectively. This is the signature of the so-called small linear parameter (SLP) JT molecules [159, 163] . Table 2 . Vibronic coupling constants and parameters in equation (2.9) . The numerical data were obtained from a fit to the ab initio MRCI/AVTZ energies in figure 5. a Ref. [36] . b The following symmetry correlations have been employed:
0 . e Units in mE h .
The solutions of the present JT+PJT vibronic problem are shown in figures 5 and 6. Clearly, the model reproduces the full picture of the adiabatic PESs near D 3h symmetry, including the cusped behaviour at all electronic degeneracies and vibronic mixing between close-in-energy terms. Interestingly, the current three-state JT+PJT model Hamiltonian also predicts a stationary point (labelled d-C 3 ( 1 B 2 )) in the 2 1 A electronic state. Such a structure has been confirmed by ab initio FVCAS/AVTZ optimizations, and shown to be a minimum (table 1). Note that the PJT vibronic effect provides an additional stabilization of the undistorted D 3h minimum of the 3 1 A state. Note also from table 1 that the predicted structures agree well with the ab initio ones.
(c) The Longuet-Higgins sign-change theorem
As stated by the Longuet-Higgins theorem [164] : if a real-valued electronic wave function changes sign when adiabatically transported around a closed circuit C in the two-dimensional branching plane, then it must become discontinuous and degenerate with another state at an odd number of points lying on that surface and within that loop [164] [165] [166] .
Varandas et al. [167] were the first to demonstrate the numerical validity of such sign-reversal criterion for LiNaK by following the variation of the dominant coefficients in the ground-state wave function along a path that encircles the crossing point [167] . We have followed the same approach with state-averaged FVCAS/AVTZ calculations. The results are shown in figure 7 .
As first pointed out by Zwanziger & Grant [159] , for SLP JT molecules the additional three symmetry-equivalent C 2v seams may prevent the associated electronic wave function of changing sign when transported around a loop enclosing the four Cis. In other words, the net geometric phase (GP) effect [164] [165] [166] is largely suppressed. Consider first the case in which a circular path is chosen such that ρ < ρ 0 (Q 1 ) (figure 7a). In this case, only one Ci (the central one) is enclosed and the adiabatic wave function changes sign along this loop, as seen in figure 7a for the 1 1 A and 2 1 A electronic states. In fact, a similar sign change is expected when only one of the three equivalent degeneracies of C 2v symmetry is encircled (figure 7b). Conversely, as figure 7c shows, a closed circuit enclosing both the central and one of the C 2v Cis is sign-preserving. By the same token, when ρ > ρ 0 (Q 1 ) (figure 7d), the associated electronic adiabatic wave function is sign-unchanged upon transportation along the corresponding loop. Note that ρ 0 (Q 1 ) marks the important transition between a JT-and RT-like behaviour in the sense that the adiabatic wave functions for the 1 1 A and 2 1 A electronic states experience a sign change upon adiabatic transportation about the origin (D 3h seam) in the case ρ < ρ 0 (Q 1 ), but not for ρ > ρ 0 (Q 1 ) [159] . Note also from figure 7 that the adiabatic wave function for the 3 1 A state does not change sign in any of the cases mentioned above: it is non-JT in nature.
(d) Global potential energy surfaces (i) Accurate DMBE forms
According to the spin-spatial Wigner-Witmer correlation rules [156, 157] As noted elsewhere [105] [106] [107] 119] , the first excited triplet state of C 2 lies only 8.6 kJ mol −1 (the term value T e ) above the corresponding ground state [48] , whereas the energy separation between the 3 P state of atomic carbon and its first excited state C( 1 D) is 122.0 kJ mol −1 [168] . Thus, as figure 1 shows, the lowest channel C 2 (a 3 Π u ) + C( 3 P) is favoured by 113.4 kJ mol −1 relative to Table 3 . Functional representation of the three-body EHF energy terms shown in equation (2.12) for the DMBE I and DMBE II PESs. a DMBE I of [35] . b DMBE II of [116] .
In [35, 116] , we modelled the adiabatic ground-state PES of C 3 by
I/II,EHF (R), (2.11) where [124, 125] V (1) is a one-body term equal to the dissociation energy (D e ) of C 2 (a 3 Π u ), V (2) (R) is the sum of the two-body potentials and V
dc (R) is the three-body dc. In both DMBE I and DMBE II potentials, the three-body EHF energy assumes the form [35, 116] 
where V
I/II,EHF (R) is responsible for introducing non-analyticity into the potential along the line of D 3h symmetry, and the remaining terms provide the required cusp behaviour at the C 2v degeneracies. The corresponding forms are presented in table 3; for simplicity, obvious coordinate dependences have been eliminated. Note that P J n (Γ 1 , Γ 2 , Γ 3 ) are Jth-order polynomials expressed in the integrity basis [169] and the T(R)'s are range-decaying factors. In turn, √ Γ 2 = (Q 2 2 + Q 2 3 ) 1/2 is the so-called JT-type coordinate [120, 170] which essentially measures the distance from any point in the (Q 2 , Q 3 )-plane to the D 3h Ci (where Q b (Q 1 ) = (0, 0), ∀ Q 1 ) [127, 128] . Likewise, 1 2 3 is the (product of) distances from any point in R-space to the three permutationally equivalent C 2v crossing seams. Note that V (3) I,EHF (R) dies off Gaussian-like [127] in DMBE I, and hence the cusps at such geometries are warranted only close to the minimum of the crossing seam [35] . All major topographical features are shown in figure 8 .
As we have shown elsewhere [36] , the three C 2v seams are not static with respect to the D 3h Ci but evolve instead with the size of the molecule. In so doing, such degeneracy points approach the central D 3h Ci almost linearly and ultimately coalesce with it, thence forming a node of confluence. Indeed, by increasing the size of the molecular triangle, the C 2v disjoint seams get rotated by ±π in the branching plane [36] . To mimic such a behaviour, we suggested a DMBE II form [116] and a novel coordinate ( in table 3) that incorporates by built-in construction the exact equation of the seam as a function of Q 1 . Likewise the JT coordinate, assumes the form [116] 
where S 2 and S 3 are symmetrized coordinates made of the distances = { 1 , 2 , 3 } from an arbitrary point to the C 2v Cis [116] : 14) with the disjoint crossings point (Q c 2 , Q c 3 ) given by
As in §3b,c, ρ 0 denotes the radius at which the disjoint seams are located with respect to the central Ci and ϕ c (c = 1, 2, 3) is the polar angle that explicitly defines the positions of the crossings: ϕ 1 = π/2, ϕ 2 = 7π/6 and ϕ 3 = 11π/6 (see figure 7 ). • , which corresponds to the C + C 2 limit and leads to the linear global minimum at CCC = 180
• via the Ci region. The insert shows an amplified view of the nuclear configuration space illustrating the correct cusped behaviour at the D 3h and C 2v crossing seams. The dots indicate fitted points, with the lowest curve shifted by −0.0025 E h for visibility. Indicated by DMBE JT is the PES without the V accounts for the proper rotation-in-plane of the C 2v seams on passing through the confluence point [116] . The equation of the seam is self-contained in the proper definition of ρ 0 , and is accurately represented by 16) where , δ, ζ i and Q 0 1 are adjustable parameters; the details are given elsewhere [116] . As figure 9 shows, is capable of accurately modelling the three symmetry-equivalent C 2v disjoint seams, in addition to the symmetry-required D 3h one, over the entire configuration.
One wonders at this stage about the topographical form of the PES when all Cis meet each other. As shown in figure 9 , at this point of all confluences the PESs become tangentially touching paraboloids rather than two cones connected by the vertex. To mimic such a behaviour, it suffices to add a term F nJT (R) (non-JT factor) that warrants the √ Γ 2 singularity on the adiabatic PESs to be cancelled out (table 3) . The result, obtained from the DMBE II PES, is illustrated in figure 9 , which shows the evolution of such crossings versus Q 1 . Table 4 presents only the properties of the linear global minima. The agreement with experimental data is good, while the properties of other stationary points (not shown) agree well with the corresponding ab initio attributes [35, 116] .
(
ii) Realistic ES/DMBE forms
To improve the C 3 DMBE II PES at the linear global minima, we used [117] a simplified version of Varandas' ES scheme [173] to morph DMBE II and the ABW [34] and SS [115] local functions. Both DMBE/ES/ABW and DMBE/ES/SS PESs so obtained [117] read [117] . e Ref. [4] . f Refs. [84, 172] . Separation between origin level and lowest v n = 1 level. g Mixed theoretical/experimental approach of Refs. [85, 115] .
where x = ABW or SS, and f ( E) is defined by [173] f In turn, E = E − E min is the energy displacement with respect to the absolute global minima of the DMBE II PES, and E 0 = E 0 − E min is the energy difference between E min and the cut-off energy E 0 . Finally, β is a trial-and-error parameter, n is an even integer and ξ a small number chosen to avoid numerical overflows at E = E min . Clearly, f ( E) ensures that the resulting PESs converge to the local potentials at energy ranges near E min , while smoothly changing to the global PES as long as the energy approaches E 0 . The topographical features of the final ES PESs are shown in figure 10 , together with the used local potentials. Clearly, the ES scheme allows a convenient merge of the global and local forms while eliminating spurious holes in the latter near equilateral triangular geometries. Additionally, they allow an extension of such spectroscopic forms to the dissociative regions. Their reliability is illustrated in table 5, which summarizes stratified RMSDs for 100 rovibrational energy levels up to 9000 cm −1 above the ZPE. As seen, near-spectroscopic accuracy is conveyed to both global forms up to 4000 cm −1 above the ZPE, while keeping unaltered all attributes of the original DMBE II PES (table 4) . Not surprisingly, discrepancies appear with increasing energy, particularly for DMBE/ES/ABW because the original PESs differ most. Despite this, a reduction of approximately 20 cm −1 in levels up to 9000 cm −1 is already an asset of the ES method [173] .
Further on carbon tetramer (a) Electronic structure
All structures have been optimized with MOLPRO [174] at the CASSCF (or, simply, CAS) level of theory [175] in C 1 symmetry with the AVTZ basis set [60, 61] . The reference wave functions have then been obtained using the largest possible active space, which involves 8 correlated electrons in 12 orbitals (CAS(8,12)); 8 orbitals were treated as inactive, but optimized, throughout all calculations. Geometry optimizations were also done, and followed by harmonic vibrational analysis to confirm the nature of the stationary point as minima (only real frequencies) or transition-state structures (only one imaginary frequency). To understand the connections between the predicted transition states and associated minima, calculations along convenient ORC paths [176, 177] have further been carried out. This involves a selection of a single reactive coordinate, i.e. the one that determines the bond-breaking/bond-forming process, with all other degrees of freedom fully optimized at each point of the predefined grid for the active coordinate. Such a process has proved very effective in obtaining accurate reaction dissociation profiles for HO 3 [176], HO 2 and HS 2 [177] as well as for the Li 3 N-CO 2 complex [178] . For every point of the various ORCs, an enhanced estimate of the energetics has then been obtained at the MRCI(Q) level [175] with AVTZ and AVQZ basis sets, followed by extrapolation to the CBS limit [179, 180] . Suffice it to add that all CAS(8,12) vectors were included in the reference space for the 8-electron MRCI(Q)-8 calculations; the 8 inner orbitals were left uncorrelated.
For CBS extrapolation of the CAS energies, a double-level protocol developed in our group [179] has been used, 
where A 5 (0) and c are universal parameters [180] , and E dc-8 ∞ (R) and A 3 are obtained by fitting the raw MRCI(Q)-8/AVXZ dc energies: For a specified nuclear arrangement R, the total energy is then obtained as
and denoted by CASDC/CBS-8 as suggested elsewhere [177] .
As noted by Parasuk & Almöf [37] , the inclusion of all valence electrons in the correlation treatment is key to obtaining the best energy differences between the linear and cyclic forms. Thence, we carried out FVCAS geometry optimizations with the AVTZ basis set, followed by single-point AVQZ computations. Such calculations involve correlating the 16 electrons in 16 orbitals, which are affordable only by including point-group symmetry in the wave function. Because this could not be pursued for stationary points of symmetry lower than C 2v , single-point FVCAS/AVXZ calculations were performed at the optimum CAS(8,12)/AVTZ geometries. To obtain a reliable estimate of the total CBS energy, the ndc extrapolated components E CAS(16,16) ∞ (R) were added to the E dc-8 ∞ (R) contributions, with the energies so obtained denoted as ve-CASDC/CBS. Figure 11 shows the minimum energy pathways for interconversion between the linear and rhombic C 4 for both triplet and singlet isomers. The corresponding structural parameters, harmonic vibrational frequencies and relative energies are given in tables 6 and 7.
Some remarks are due at this point on the l-C 4 ( 3 Σ − g ) and r-C 4 ( 1 A g ) energetics. As noted in the Introduction, it is a common trend [37, 38, 132] that the singlet versus triplet relative positioning, and hence the ground-state structure, depends on whether SR versus MR methodologies are used: r-C 4 ( 1 A g ) is found more stable than l-C 4 ( 3 Σ − g ) at the SR level, while the reverse is true for MR. Indeed, as noted by Parasuk & Almöf [37] , SR approaches may not be sufficient to treat adequately the high density of electronic states present in C 4 which occur already for very low internal energies [38] . Our own calculations at the CASDC/CBS-8 level suggest from tables 6 and 7 that l-C 4 ( 3 Σ − g ) lies about 25.9 kJ mol −1 lower in energy than the corresponding rhombic singlet structure. However, at our highest level of theory, i.e. ve-CASDC/CBS, the linear-rhombic energy difference is reduced to only 9. Table 6 . Structural parameters (distances R i in a 0 , angles in degrees) and vibrational frequencies (in cm −1 ) of the stationary points on the ground-state triplet PES of C 4 . Energies (in kJ mol [38] , such energetic proximity (≈4.9 kJ mol −1 ) between the l-C 4 ( 3 Σ − g ) and r-C 4 ( 1 A g ) isomers is expected to be of the same order of accuracy of the ab initio calculations themselves, and hence any statement about the true ground state of C 4 is possibly risky at present.
Unquestionably, the triplet ground state is the 3 Σ − g structure. Its cumulenic nature is evidenced by the nearly equal C=C bond lengths which are predicted from our FVCAS/AVTZ calculations to be 2.506 and 2.463 a 0 for the outer (R 1 = R 3 ) and inner (R 2 ) distances, respectively. Such values agree well with the experimental (averaged) bond length of 2.458 a 0 [2] . As first remarked by Parasuk & Almöf [37] , the corresponding acetylenic form is of 3 Table 7 . Structural parameters (distances R i in a 0 , angles in degrees) and vibrational frequencies (in cm −1 ) of the stationary points on the ground-state singlet PES of C 4 . Energies (in kJ mol distance [37] . It should be noted that, at linear geometries, two low-lying 1 g and 1 Σ + g excited states also arise from the π 2 g configuration (figure 12a). These have been measured in anion photoelectron spectra [148] to be about 32.0 and 48.2 kJ mol −1 , respectively, above the 3 Σ − g state. The corresponding adiabatic excitation energies predicted from our ve-CASDC/CBS calculations are 34.8 and 50.2 kJ mol −1 , respectively. Figure 11 shows that the ground singlet is the rhombic 1 A g structure, thence an a 2 g electronic configuration (figure 12b). At the FVCAS/AVTZ level of theory, this molecule shows characteristic peripheral and cross-ring C−C bond lengths of 2.758 and 2.895 a 0 , respectively. Such quantities agree nicely with the most recent ab initio values of 2.739 and 2.855 a 0 reported by Wang et al. [141] at the CCSD(T)-F12b/AVTZ level of theory as well as those obtained from ve-MRCI(Q)/VTZ calculations by Senent et al. [140] (2.742 and 2.873 a 0 ). Actually, as seen in tables 6 and 7, all stationary structures optimized at the CAS(8,12)/AVTZ level differ by less than ≈0.05a 0 and ≈1 • for bond lengths and bond angles, from those obtained when all valence electrons are included in the ndc treatment. This situation clearly reflects the general observation that geometries are often less sensitive to the theoretical level than relative energies [176, 177] . Figure 11 further depicts an additional (local) minimum on the lowest triplet PES of C 4 , namely r-C 4 ( 3 B 2g ) . At the CASDC/CBS-8 level, such a structure lies about 261.0 kJ mol −1 higher in energy relative to the 3 treatments, respectively, the structure of the transition state differs only slightly from the CAS(8,12)/AVTZ one. Overall, the addition of dynamical correlation shifts the location of lr-C 4 ( 3 A ) TS towards the rhombic isomer. Suffice to highlight that, although only a single peripheral bond has been followed in the ORC path, the above isomerization process clearly involves the formation/breaking of both peripheral and cross-ring bonds.
To the best of our knowledge, the only ab initio study on such a reaction path for C 4 is that of Blanksby et al. [138] The authors used CCSD(T)/AVDZ//B3LYP/6-31G* to report a value of 108.1 kJ mol −1 for the isomerization barrier of l-C 4 ( 3 Σ − g ) into r-C 4 ( 3 B 2g ). Suffice to add that the rhombic 1 A g structure is 11.7 kJ mol −1 more stable than l-C 4 ( 3 Σ − g ) at their level of theory [138] . In contrast to the triplet ground-state surface, the isomerization between rhombic and linear forms on the singlet PES occurs in a stepwise manner (figures 11 and 14) . Starting from the 1 A g global minimum, the system attains an intermediate
ring-opening (barrierless) process in which only a single peripheral bond is broken. Indeed, d-C 4 ( 1 A ) shows itself as a local minimum on the singlet ground-state PES and lies about 111.7 and 122.2 kJ mol −1 above the r-C 4 ( 1 A g ) structure at the CASDC/CBS-8 and ve-CASDC/CBS levels of theory, respectively. As we shall see, the discrepancies between full-valence and truncatedspace correlation approaches are generally smaller for the singlet than the triplet states. This stems from a higher multi-configurational character of the latter [141] . In fact, because the isomerization process in the singlet PES occurs in a stepwise manner, reactants and products are somewhat similar in nature, thus allowing for some error compensation in the ab initio calculations. The ORC path for interconversion of r-C 4 ( 1 A g ) and d-C 4 ( 1 A ) is depicted in figure 14a . The salient feature relates to the appearance of a small barrier at α = 151.5 • in the CAS(8,12)/AVTZ optimized curve. Indeed, such a geometry corresponds to a C 2v capped triangle (dd-C 4 ( 1 A 1 ) in table 7) which was first identified by Whiteside et al. [129] . At the CAS (8, 12) ). (Online version in colour.) [38] and clearly seen in figure 14a, extrapolations to the CBS limit make the appearance of a very shallow minimum at such a geometry. At the CASDC/CBS-8 and ve-CASDC/CBS levels of theory, dd-C 4 ( 1 A 1 ) is found to be 112.9 and 124.4 kJ mol −1 higher in energy than the singlet rhombus, respectively. Note from figure 14a that if one increases α up to about 244.1 • , a symmetryequivalent conformer of r-C 4 ( 1 A g ) (in which the cross-ring bond is converted to peripheral and vice versa) is obtained. Suffice to say that Blanksby et al. predicted a CCSD(T)/AVDZ//B3LYP/ 6-31G* transition state of C s symmetry for interconversion of r-C 4 ( 1 A g ) and d-C 4 ( 1 A ) but, surprisingly, lying below the latter. In our preliminary CAS(8,12)/AVTZ geometry searches, a similar transition state has been found but the IRC revealed discontinuities. Such an unphysical behaviour is removed using the ORC method. The ultimate path in the isomerization process consists of converting d-C 4 ( 1 A ) into the more stable l-C 4 ( 1 g ) form. As figure 14b shows, this is the rate-determining step, which occurs via an L-type transition structure dl-C 4 ( 1 A ) with a ve-CASDC/CBS barrier height of about 37.2 kJ mol final remark goes to work by Ngandjong et al. [183] who studied the above cyclization pathway for singlet C 4 at the M06-2X/AVDZ level of theory. The authors suggested a one-step isomerization process where r-C 4 ( 1 A g ) is directly attained from l-C 4 ( 1 g ) via a C s transition structure similar to dl-C 4 ( 1 A ). Clearly, their result differs dramatically from our own MR result. In fact, as noted by the authors themselves, the use of DFT on electronic structure calculations of carbon clusters can be notoriously complicated due to their intrinsic multistate character [183] .
(b) A novel DMBE for triplet C 4
Following the Wigner-Witmer rules [156, 157] , one has ) shown in equation (3.5) . The atomization energy (at 0 K) for C 4 is taken from [42] with the zero-point vibrational energy retrieved from [184] . The corresponding experimental data for C 3 
) and C 2 (a 3 Π u ) are from [35] . (b) Inter-particle coordinate system employed in the construction of the DMBE-(2 + 3) and DMBE-(2 + 3 + 4) PESs. (Online version in colour.) spin-forbidden channel. As noted by Ritchie et al. [131] , this latter correlates with the excited l-C 4 ( 1 Σ + g ) form. Figure 15a shows that the dissociation process into C 2 (a 3 Π u ) occurs with an endotermicity of about 607.0 kJ mol −1 . In turn, the dissociation into unlike species gives both C 3
and C fragments into their ground electronic states. As noted by Wakelam et al. [9] , such a collinear reaction is the lowest path yielding l-C 4 ( 3 Σ − g ), which according to figure 15a is exothermic by about 503.7 kJ mol −1 . Note that the first excited asymptotic channel C 3 (ã 3 Π u ) + C( 3 P) lies [86, 88] 202.8 kJ mol −1 above the asymptote (3.5b) and correlates with higher excited electronic states such as l-C 4 ( 3 Π u ) [9] and l-C 4 ( 1 Σ + g ). Suffice to say that the exit channels (3.5c) and (3.5d) arise from the dissociation of C 3 (X 1 Σ + g ) (in channel (3.5b)) into C 2 (a 3 Π u ) + C( 3 P), with subsequent fragmentation into C( 3 P) + C( 3 P) [35] .
Among the most reliable approaches to obtain a realistic representation of a global PES, the MBE [119, 120] and DMBE [123] [124] [125] methods play a prominent role and have acquired popularity. Accordingly, the PES of a molecular system is expanded in sub-clusters of atoms [119] , thus warranting by built-in construction the correct asymptotic behaviour in any fragmentation. Indeed, once the potentials of all fragments have been obtained, the key MBE development enables a first estimate of the PES for the target polyatomic [119, 120] . One should bear in mind that even if the series converges rapidly, chemical accuracy is only attainable by including the highest-order (i.e. beyond pairwise additivity) possible contributions [119, 125] . As the potentials of C 3 (X 1 Σ + g ) and C 2 (a 3 Π u ) are already known ( §3d), one can proceed to the a priori estimate of the C 4 triplet PES.
Following the DMBE method [123] [124] [125] and equation (3.5) , the approximate cluster expansion for the title species including two-and three-body contributions only assumes the form where R = {R 1 , R 2 , R 3 , R 4 , R 5 , R 6 } is a collective variable of the inter-particle distances in figure 15b . As usual [123] [124] [125] , each n-body term is split into EHF and dc energy contributions [35, 116] :
dc . Note that all fragments dissociate into ground-state C atoms, and hence there is no need for one-body terms; the zero of energy is the exit channel (3.5d). Because the DMBE/ES/SS [117] form of C 3 is used here to obtain such an approximate potential, the C 4 PES will be denoted as DMBE/ES/SS-(2 + 3). The required three-body terms have been obtained by subtracting the sum of two bodies from the total energy, As expected, the DMBE/ES/SS-(2 + 3) PES provides a realistic representation of the potential both in the valence and long-range interaction regions. In fact, as figures 16a and 17a show, the current DMBE has the correct asymptotic behaviour, which is a well-established asset of MBE theory [119, [123] [124] [125] . It should be stressed that although the truncated potentials give a good representation of the triplet linear global minimum, l-C 4 ( 3 Σ − g ) is predicted to be a saddle point of index 4, with imaginary frequencies corresponding to the degenerate trans-(w 4 ) and cis-bending (w 5 ) modes. This result stems largely from the lack of the four-body term which, according to figure 15a and the DMBE/ES/SS-(2 + 3) PES, is estimated to be as repulsive as 376 kJ mol −1 at this geometry. Similar magnitudes of four-body interaction energies have been reported for X 4 -type elemental clusters such as H 4 [120, 185] and O 4 [186] . In fact, for groundstate C 3 , the three-body energy is known [35, 116, 185] to strongly favour the linear structure: it is attractive in this region, but repulsive (or less attractive) as the molecule bends, in such a way as to counteract the increased attraction of the two-body terms. Thus, at D 3h geometries, a minimum of the latter is accompanied by a maximum in energy of the former. Ongoing from C 3 to C 4 , the two-body terms are doubled in number, while the three-body terms are quadrupled.
If the four-body energy is ignored a priori, one expects, therefore, an over-stabilization of the linear structure due to the three-body terms, with highly symmetric geometries such as T d forms being greatly destabilized. Obviously, there are cases in which the gain in two-body energy on passing from chains to rings will compensate for the loss of three-body interaction so that cyclic structures can be almost isoenergetic or even more stable than l-C 4 ( 3 Σ − g ). However, such forms are predicted from our ab initio calculations to be high-lying stationary structures on the triplet ground-state PES. This is mostly attributed to the generally repulsive nature of the four-body term: although this contributes significantly to the total energy, it is a well-accepted trend that the two-and three-body terms are predominantly structure determining in elemental clusters [119, 120, 185, 186] .
In an attempt to improve the above PES, an approximate four-body term has been added to the DMBE/ES/SS-(2 + 3) potential in equation (3.6) . For this, we employed a distributed Gaussian approach [187, 188] in which sets of correcting locally valid functions are centred at convenient geometries; see also Ref. [189] for the original n-body distributed polynomial method. The effective four-body term is then written as
where P (4) i (Γ ) are cubic polynomials of the form 
where R i = R i − R 0 . Thus, using symmetry labels of the T d point group, Q 1 , (Q 2 , Q 3 , Q 4 ) and (Q 5 , Q 6 ) transform as A 1 , T 2 and E irreps, respectively. To calibrate equation (3.8), a total of 663 ab initio points have been employed as follows. First, a set of 53 (constrained) optimized geometries for collinear approximations of the C 3 + C and C 2 + C 2 fragments has been obtained at the ve-CASDC/CBS level using C 2v and D 2h symmetries, respectively (figure 18). The corresponding four-body interaction energies have then been determined from the requirement that they vanish at all dissociation limits (assumed as R bc = R cd = 10.0a 0 ) and by further subtracting the energies predicted from DMBE/ES/SS-(2 + 3). An additional set of 76 nuclear arrangements related to the ORC path shown in figure 13 has also been included. To give them ve-CASDC/CBS quality, we have scaled the corresponding MRCI(Q)-8/AVTZ energies in such a way as to reproduce the correct splitting between the l-C 4 ( 3 Σ − g ) and r-C 4 ( 3 B 2g ) forms at the ve-CASDC/CBS level, i.e. E lr = 0.0555 E h (see table 6 ). Such a factor has been determined with (R l ) denote the MRCI(Q)-8/AVTZ absolute energies of the rhombic and linear isomers, yielding F = 1.7010. From (3.11), the total interaction energy, with respect to l-C 4 ( 3 Σ − g ), for any structure x can be expressed by
where E(R l ) = −0.7127 E h is the total interaction energy of the linear global minima (relative to the infinitely separated atoms) predicted from ve-CASDC/CBS calculations. Note that this is in excellent agreement with the experimental estimate of −0.6958 E h [35, 42, 184] (figure 15a). The ORC path obtained from equation (3.12) and denoted by MRCI(Q)-8-S is shown in figure 13 . Clearly, the present approach brings MRCI(Q)-8/AVTZ energies in close agreement with the predicted linear-rhombic energy separations at ve-CASDC/CBS, while reasonably describing the region defined by the transition state lr-C 4 ( 3 A ).
With the aid of equation (3.12) , an extra set of 534 ab initio points calculated at MRCI(Q)-8/AVTZ level has further been added in the least-squares fitting procedure. Note that the effective four-body energies have been determined simply by subtracting the total interaction energies predicted by equation (3.12) from the ones estimated with the DMBE/ES/SS-(2 + 3) form. Suffice to say that, differently from the set of linear coefficients (equation (3.9)) in which small initial guesses have been freely varied, the origin points (R 0 ) and range-decaying parameters (γ i ) of every Gaussian have been optimized by trial and error. figure 18 shows, the approximate four-body interaction energy (equation (3.8) ) mimics well the expensive set of calculated ab initio points at the ve-CASDC/CBS level of theory. Note that such a plot corresponds in figure 16b to orthogonal cuts taken along the R 2 and R 1 directions. As clearly seen from figure 18 , the four-body term is as repulsive as 300.0 kJ mol −1 (at ve-CASDC/CBS level) for such geometries. In fact, such a trend is further exacerbated as long as other regions of the nuclear configuration space are accessed. Yet, the simple addition of the V
(R) term makes the triplet linear structure, l-C 4 ( 3 Σ − g ), to be a true minimum on the full PES with characteristic bond lengths R 1 = R 3 = 2.524a 0 and R 2 = 2.435a 0 ; such a feature can best be seen from figure 17 . Moreover, the four-body term ensures that the DMBE form reproduces the correct endothermicities for dissociation into C 2 (a 3 Besides accurately describing the region of the global minima, the DMBE/ES/SS-(2 + 3 + 4) form reproduces the minimum-energy interconversion pathway from l-C 4 ( 3 Σ − g ) to r-C 4 ( 3 B 2g ) obtained at the MRCI(Q)-8-S level, as shown in figure 13 . Yet, the triplet rhombic structure is described as a stable local minimum on the global PES (figure 20) with characteristic bond lengths and angles of R 1 = R 2 = R 3 = 2.786 a 0 , α = 104.8 • and β = 75.2 • ; see also table 6. The classical barrier height predicted for such a process is 155.2 kJ mol −1 relative to the linear minima. Figure 17b illustrates the total PES for C moving around C 3 , and corresponds to plot (a) for DMBE/ES/SS-(2 + 3). As shown, the addition of the four-body term yields a simpler topography, in the sense of free from spurious extrema. Indeed, the T-shaped valence structure (at x = 0.000 a 0 and y = 2.686 a 0 ) appears in the full PES as a barrier-like feature connecting the two symmetryequivalent l-C 4 ( 3 Σ − g ) structures. However, this is not a true transition state on the six-dimensional configuration space, but a saddle point of index 3, in accordance with the MRCI(Q)-8/AVTZ calculations. Note that the additional T-shaped long-range structure (at x = 0.000 a 0 and y = 4.290 a 0 ) forms a high-symmetry D 3h triangle that could therefore evidence a Ci. Preliminary work at the CAS(8,12)/AVTZ level using the sign-reversal property of the wave function [167] has shown this not to be the case (at least for the ground triplet state) but revealed the presence of a high density of close-in-energy states at this region.
The in-plane attack of C 2 to another C 2 as obtained from DMBE/ES/SS-(2 + 3 + 4) is shown in figures 19 and 20. A notable feature from figure 19 refers to the barrier connecting the two adjacent linear isomers, which is now a true saddle point of index 1. This feature has been confirmed by ab initio MRCI(Q)-8/AVTZ and CCSD(T)/AVTZ calculations. Recall that Blanksby [138] and Ngandjong et al. [183] using DFT predicted such a structure to be a minimum. Also seen from figure 20 is the presence of two additional stationary points on the full PES: a slightly distorted C 2v capped triangle (at x = 4.582 a 0 and y = 2.642 a 0 ), and a quasi-rhombic form (at x = 5.084 a 0 and y = 0.669 a 0 ). Although such forms are predicted to be a minimum and transition state in 2D, this could not be confirmed here by ab initio calculations. Clearly, a true statement about their nature demands higher-level FVCAS/MRCI frequency calculations which are computationally unaffordable. Despite this, the chosen four-body term has been found reasonable at all investigated geometries. Of course, an enhanced fit may require an extended set of points for such geometries, and more complicated polynomial forms eventually involving all possible X 4 symmetry invariants. This is clearly a task outside the scope of the present work. 
Concluding remarks
A detailed analysis of the major features of the C 2 , C 3 and C 4 carbon clusters has been presented. For C 2 , we have briefly assessed its current status. Regarding C 3 , the most recent results obtained in our group were reviewed with emphasis on the PES which is particularly complicated due to multiple conical intersections. For C 4 , the most stable isomeric forms of both triplet and singlet PESs and their possible interconversion pathways were examined anew by means of accurate ab initio calculations. Based on such results, the strategy towards a global PES for triplet C 4 has also been discussed. Starting from a truncated cluster expansion of the molecular PES that uses our own functions for C 3 , an approximate four-body term has been suggested using 663 accurate ab initio energies. The resulting full 6D DMBE form reproduces all known topographical aspects of triplet C 4 as well as its linear-rhombic isomerization path: it is therefore commended for reaction dynamics studies. Clearly, the understanding of the electronic structure and properties of small carbon clusters provides valuable information on reactive collision processes where they may act as precursors to formation of larger clusters in the interstellar medium.
Data accessibility. 2.8) ), one obtains, besides the E term with component wave functions |E θ (r; 0) and |E (r; 0) , a non-degenerate close-in-energy state |A 1ι (r; 0) . All such terms will then get vibronically mixed along the JT-active displacements with the vibronic problem becoming effectively a three-state one, thence a combined JT+PJT or (E + A 1 ) ⊗ e. Clearly, we are assuming that the coupled states are well separated in energy from all others, and hence only their subspace needs consideration. Let now E 1 (0) = E 2 (0) and E 3 (0) be the associated eigenvalues of the E and A 1 states, respectively. Let further the components of the normal E-type displacement be defined by Q e ≡ Q 2 and Q e θ ≡ Q 3 , while Q a 1 ι ≡ Q 1 is the totally symmetric mode that transforms according to the single line ι of the A 1 irrep. The adiabatic PESs in the vicinity of Q 0 are obtained by diagonalizing the electronic Hamiltonian operator matrix in the basis {|E θ (r; 0) , |E (r; 0) , |A 1ι (r; 0) }. From equation (2.7), the associated matrix elements can be cast as (obvious coordinate dependencies are suppressed)
Γγ are linear and quadratic vibronic coupling constants which, from the Wigner-Eckart theorem, assume the form [158, 161] 
and are reduced matrix elements (do not depend on γ , γ andγ ), while the last terms are V coefficients, which are symmetrized forms of the Clebsch-Gordan coefficients [158, 161] . Such coefficients involving the E and A 1 terms of the symmetry point group C 3v are given in table 10 . Note that all entries not shown are zero by symmetry considerations [161] . Note further that, following the rules of group theory ( . However, as the degeneracy of the E term is only lifted along JT-active displacements, they are assumed unimportant, and hence neglected in the summation of equation (A 1). Additionally, the diagonal quadratic coupling constants evaluated from totally symmetric irreducible products, G 
where H
ji and K ji are elements of the zeroth-order and force constant (diagonal) matrices, and W (1) ji and W (2) ji contain linear (first-order) and quadratic (second-order) vibronic terms. All that remains is to determine the matrix elements of the set of sub-matrices (A 4 where F E defines the linear JT vibronic coupling constant andF E is the reduced matrix element. For convenience, the linear PJT parameter has been denoted by H E/A 1 , andH E/A 1 its corresponding reduced matrix element. As any vibronic perturbation associated with the breathing coordinate is neglected in the present JT+PJT problem, W In the above equations, G E is the quadratic JT parameter andḠ E the corresponding reduced matrix element. No other combinations of θ and are possible because V = 0 (table 10). Recall that the explicit definition of the irreducible products in equations (A 9)) and (A 10) is readily found by group-theoretic transformations, together with the Wigner-Eckart theorem (eqn (5.1) of [161] ), and hence only the results are given. Because the non-adiabatic corrections due to PJT interaction are accounted up to first-order, the corresponding W (2) ji block is identically zero, W The procedure is similar to the one used for W (2) ji , with the exception that totally symmetric irreducible products are employed. They read If the appropriate symmetry correlations are employed and the zero of energy is taken as the E term at the reference configuration (so that = E 3 − E 2 ), equation (2.9) is obtained.
